For a finite group G, let ∆(G) denote the character graph built on the set of degrees of the irreducible complex characters of G. Akhlaghi and Tong-Viet in [3] conjectured that if for some positive integer n, ∆(G) is K n -free, then ∆(G) has at most 2n − 1 vertices. In this paper, we present an example to show that this conjecture is not necessarily true for all non-solvable groups whose character graphs are K n -free.
Introduction
Let G be a finite group and R(G) be the solvable radical of G. Also let cd(G) be the set of all character degrees of G, that is, cd(G) = {χ(1)| χ ∈ Irr(G)}, where Irr(G) is the set of all complex irreducible characters of G. The set of prime divisors of character degrees of G is denoted by ρ(G).
A useful way to study the character degree set of a finite group G is to associate a graph to cd(G). One of these graphs is the character graph ∆(G) of G [5] . Its vertex set is ρ(G) and two vertices p and q are joined by an edge if the product pq divides some character degree of G. We refer the readers to a survey by Lewis [4] for results concerning this graph and related topics.
There is an interesting conjecture on the structure of ∆(G) which is posed by Akhlaghi and Tong-Viet in [3] :
Conjecture. Let G be a finite group such that for some positive integer n,
In [1] , it was shown that for a solvable group G, the complement of ∆(G) does not contain an odd cycle, in other word, it is bipartite. This result guarantees this conjecture for solvable groups. The results in [6] , [3] and [2] say that it is true for non-solvable groups when n ∈ {3, 4, 5}. In this paper, we present an example to show that this conjecture is not necessarily true for all non-solvable groups whose character graphs are K n -free.
A Counterexample
The structure of the character graph of PSL 2 (q) is determined as follows. Note that for an integer n 1, the set of prime divisors of n is denoted by π(n).
where q 4 is a power of a prime p. a) If q is even, then ∆(G) has three connected components, {2}, π(q − 1) and π(q + 1), and each component is a complete graph. b) If q > 5 is odd, then ∆(G) has two connected components, {p} and π((q − 1)(q + 1)). i) The connected component π((q − 1)(q + 1)) is a complete graph if and only if q − 1 or q + 1 is a power of 2. ii) If neither of q − 1 or q + 1 is a power of 2, then π((q − 1)(q + 1)) can be partitioned as {2} ∪M ∪P , where M = π(q −1) −{2} and P = π(q + 1) −{2} are both non-empty sets. The subgraph of ∆(G) corresponding to each of the subsets M, P is complete, all primes are adjacent to 2, and no prime in M is adjacent to any prime in P . Now we are ready to state our counterexample for the above conjecture.
Example 2.2. Let G := PSL 2 (61) × PSL 2 (67) × PSL 2 (83) × PSL 2 (157). Then using Lemma 2.1, it is easy to see that ∆(G) is a K 7 -free graph with |ρ(G)| = 14. It shows that the above conjecture is not necessarily true for all non-solvable groups whose character graphs are K n -free. Now we present a generalization of Example 2.2.
Example 2.3. Let n 4 be a positive integer. Also for every integer 1 i n, let q i be a prime power such that for some ǫ i ∈ {±1}, we have 2, 3 ∈ π(q i + ǫ i ), |π(q i + ǫ i )| = 3 and |π(q i − ǫ i )| = 2. We set G := PSL 2 (q 1 ) × PSL 2 (q 2 ) × · · · × PSL 2 (q n ). If for every integers 1 i < j n, π(PSL 2 (q i )) ∩ π(PSL 2 (q j )) = {2, 3}, then by Lemma 2.1, we can see that ∆(G) is a K n+3 -free graph with |ρ(G)| = 3n + 2 2n + 6.
